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Treatment protocols were similar in the 6 studies, but the patient
cohorts exhibited (strong) between-study heterogeneity.
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Treatment protocols were similar in the 6 studies, but the patient
cohorts exhibited (strong) between-study heterogeneity.
Q: Estimate the effect θ of aspirin for similar future patients.
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The Bayesian paradigm requires You to formulate a probabilistic model
M that relates knowns (D, B) to unknowns (inference: θ, and
prediction: new data D ∗ ).
There’s a Theorem (de Finetti, RT Cox) that says that, for optimal
information-processing, this model must be of the form
M = {p(θ | B), p(D | θ B)} .
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and optimal prediction of new data D ∗ — conditional on M — is
based on
Z
p(D ∗ | D B) =
p(D ∗ | θ D B) p(θ | D B) dθ .
(2)
Θ
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In other words, it would be great if the context C of the problem P
always uniquely specified a single Bayesian model M.
There are some problems in which this is (partially or completely) true,
but in most problems M is not uniquely specified by context:
You’re uncertain about θ, but You’re also uncertain about
how to specify Your uncertainty about θ — this is model uncertainty,
the fundamental problem of applied statistics.
At present we have relatively few Theorems telling us uniquely what to
do, to get the “best” answers when model uncertainty is present.
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(20 ) How do you test the extent to which the likelihood drives the
results [in settings in which a unique context-specific likelihood
doesn’t exist]?
In a part of the statistical landscape in which we have few Theorems on
which to rely, we must content ourselves (at present) with Principles
and Axioms.
I’ll now address the questions above by offering two Principles and an
Axiom, illustrated with an analysis of the aspirin data.
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methods (Bayesian or otherwise) to be examined for calibration: how
often they get the right answer.
This leads to the
Calibration Principle: In model specification, it helps to know
something about how often {the methods You’re using to choose one
model over another} get the right answer, and this can be
ascertained by
(a) creating simulation environments (structurally similar to the
setup of the scientific problem You’re currently solving) in which You
know what the right answer is, and
(b) seeing how often Your methods recover known truth.
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In modeling the aspirin data, let’s begin with a model for
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D = (y1 , . . . , yk ) with k = 6:
I

(yi | ∆i B) ∼ N(∆i , Vi ) .

(5)

This is the likelihood part of the model: equation (5) says that Your
uncertainty about yi (before it’s observed) can be captured with a
Normal distribution centered at an (unknown) mean of ∆i and a
variance of Vi , and the yi are conditionally independent given the ∆i .
Since the sample sizes in the experiments are large, You can take the Vi
to be known and equal to the squared standard errors in the data table.
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(∆i | θ σ B) ∼ N θ, σ 2 .
(7)
θ represents the mean difference (placebo – aspirin) in mortality in
the population of future patients similar to those in this meta-analysis:
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unintentional truncation of the likelihood distribution for σ) produces
well-calibrated inferences:
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So my initial model for the aspirin data looks like this:

2
(θ | B) ∼ N 0, σhuge
(σ | B) ∼ U(0, C )

IID
(∆i | θ σ B) ∼ N θ, σ 2
(yi | ∆i B)

I

∼

N(∆i , Vi ) .

(13)
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(1) To get a rough idea of θ and σ with this data set, calculate their
maximum-likelihood estimates:it turns out that, on the scale of
percentage points of mortality, θ̂MLE , σ̂MLE = (1.45, 1.24).
(2) Specify a (3 × 3) sensitivity-analysis grid by halving and doubling
the (θ, σ) values in step (1):
{θDG ∈ (0.725, 1.45, 2.90)} × {σDG ∈ (0.61, 1.24, 2.48)}.
For each (θDG , σDG ) combination in this grid,
(3) Generate N = 1,000 (say) data sets from the second and third
lines of model (12);
(4) Use rjags to fit variations on model (12) to each simulated data set
in step (3), with several different priors whose calibration You’re
investigating, and keep track of how often the posterior 95% intervals
for θ and σ include their simulation-known-truth values from step (2).
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Calibration Checking in Prior Specification
Actual coverage at nominal 95%: (σ | B) ∼ U(0, 10)

µDG

Intervals for µ
σDG
0.61
1.24
2.48

Intervals for σ
σDG
0.61
1.24
2.48

0.725
1.45
2.90

0.994
0.996
0.994

0.976
0.971
0.978

0.988
0.990
0.984

0.975
0.973
0.970

0.963
0.976
0.965

0.957
0.958
0.963
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IID
model, (∆i | θ σ B) ∼ N θ, σ 2 , should be replaced by

IID
(∆i | θ σ ν B) ∼ tν θ, σ 2 with unknown degrees of freedom ν.
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In effect, the data set can’t tell the difference between
(big ν [Normal], big σ) and (small ν [t], small σ).
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Full-sample log scores can be used to answer a related question,
(10 ) Could the data set D have arisen from model M?
by comparing the realized value of LSFS (M | y B) with a distribution of
full-sample log scores obtained by simulating data sets from M
(Gelman, Meng and Stern (1996)), but this must be done carefully to
be well-calibrated (Draper and Krnjajić (2017)).
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There’s one last important model-uncertainty question:
(3) How do You know when model M1 is better than model M2 ?
This question has a rich research history; three main methods have
emerged for answering it:
• (log scores) M1 is better than M2 if LSFS (M1 | D B) > LSFS (M2 | D B).
• (Bayes factors, including BIC) This approach says — pick the
model with the highest posterior probability:
h
i
h
i
h
i
p(M1 | D B)
p(M1 | B)
p(D | M1 B)
=
·
p(M2 | D B)
p(M2 | B)
p(D | M2 B)






(17)
posterior
prior
Bayes
=
·
odds
odds
factor
People who like this approach tend to ignore the prior odds (!) and use
a different rule: pick the model with the highest Bayes factor.
This method runs into additional difficulty when context implies that
You should use a low-information prior in either or both of M1 and M2 ,
a setting that arises frequently.
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This model is hierarchical with 3 levels, and the ∆i are referred to as
random effects because we’re
 modeling them as if they were random
draws from the N θ, σ 2 distribution; BIC doesn’t work here.
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BIC is based on the same idea but belongs to the world of Bayes factors.
The most widely used method in this category is the
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As an example, consider what the aspirin meta-analysis model would
look like if there were no between-study heterogeneity:

2
(θ | B) ∼ N 0, σhuge
I

(yi | θ B) ∼ N(θ, Vi ) .
This is referred to as a fixed-effects meta-analysis model.

(22)
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Fixed-Effects Versus Random-Effects Meta-Analysis
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Model uncertainty is the fundamental problem
of applied statistics.
All statisticians should try to be well-calibrated;
simulation-based methods can help You keep score.
Key issues in Bayesian model specification include:
measuring sensitivity of results to alternative prior and
likelihood specifications, when context does not imply
unique choices;
using out-of-sample predictive validation to find good
models; and
answering the questions Is M1 better than M2 ? and Could
the data have arisen from M1 ? in a well-calibrated way.
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